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\Outline I

e general setting of quantum error correction
e discretizing errors
e encoding circuits
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\Quantum Error Correction I
General scheme

entanglement = decoherence

environment
NODAacCessS — — — — — — — — — — — —

inter-
action
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\Quantum Error Correction I

General scheme

environment c

NOACCESS — — — — — — — — — — — — o |-H-c oo
(@)) e
S ] O
ystem |¢) £ =
: : S Q
encoding ancilla |0) —— < c

three-party entanglement
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\Quantum Error Correction I

General scheme

environment —— <
noaccess — - - — - — — — — — — — S |l-f-===- H - - ==
system |¢) —— £ O c
° b @)
_ _ S D o = ﬂ code entanglement
encoding ancilla [0) —— < 1= D
= 5L
= O
Lo

syndrome ancilla |0) ——

@
environment/ancilla
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\Quantum Error Correction I

General scheme

environment c

noaccess — — — - - — = — = — — — O |-H=-==--" H - = === =

(@) T (@)
system |¢) ——— £ 2 S £ @)

. . S @ = S
encoding ancilla |0) —— < 1= e O o |0)
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\Quantum Error Correction I

General scheme

environment
NODAacCessS — — — — — — — — — — — —

system |¢) ———

ncodin

e __ o
Interaction
decoding| |

encoding ancilla |0) ———

correction
p—

error

syndrome ancilla |0) ——

Basic requirement
some knowledge about the interaction between system and environment

Common assumptions
e Nno initial entanglement between system and environment

e local or uncorrelated errors, I. e., only a few qubits are disturbed
— CSS codes, stabilizer codes

e Iinteraction with symmetry — decoherence free subspaces
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Interaction System/Environment I

“Closed” System

environment |g) ——

} = Uenvisys (|5> ‘gb>)

Inter-
action

system |¢) ———

“Channel”

Q: pin = @)@l — pout := Q|d) () : ZE@p.nET

with Kraus operators (error operators) F;

Local/low correlated errors
e product channel Q®™ where Q is “close” to identity

e Q can be expressed (approximated) with error operators E; such that
each E; acts on few subsystems, e. g. quantum gates
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‘Computer Science Approach: Discretize I

QECC Characterization
[Knill & Laflamme, PRA 55, 900-911 (1997)]

A subspace C of ‘H with orthonormal basis {|c1),...,|cx)} IS an
error-correcting code for the error operators £ = {E1, Es, ...}, if

there exists constants «y ; € C such that for all |¢;), |c;) and for all
EL B e E:

(ci| ELEy|e;) = 65 jan.. (1)

It is sufficient that (1) holds for a vector space basis of £.
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Linearity of Conditions I

Assume that C can correct the errors £ = {E1, Eo, .. .}.

New error-operators:

A= Z e By and B := Z,LL[E[
k l

(ci]ATBle;) = ) Nepules| B Eilcy)
k.l

= E Ak 410 5O |
k.l

= (Sz"j . O/(A, B)

It is sufficient to correct error operators that form a basis of the linear vector
space spanned by the operators £.

— only a finite set of errors.
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Error Basis I

Pauli Matrices

0 1 0 —2 1 0 1 0
Op 1= , Oy = | , Oy = , 1=
1 0 1 0 0 —1 0 1

e vector space basis of all 2 x 2 matrices
e unitary matrices which generate a finite group

Error Basis for many Qubits/Qudits
£ error basis for subsystem of dimension d with I € £
— £9™ error basis with elements

F=F®..F,, LI €&

weight of E: number of factors F; # 1
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Local Error Model I

Code Parameters

C = [n,k,d]

n. number of subsystems used in total

k. number of (logical) subsystems encoded

d: “minimum distance”
— correct all errors acting on at most (d — 1)/2 subsystems
— detect all errors acting on less than d subsystems

— correct all errors acting on less than d subsystems at known positions
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‘General Decoding Algorithm I

EC EsC o - E.C

Vo | Eilco) FEalco) -+ Eglco)

Vi | Eiler) Esler) -+ Ekler)

Vi | Eilci)  Esle;) -+ FEile)
(ci| ELEy|c;) = 8 jouk, (1)
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‘General Decoding Algorithm I

EC EsC o - E.C
Vo | Eilco) Ealco) -+ Eglco)
Vi | Eiler) Esler) -+ Egler)
_ _ rows are orthogonal
as (c;|El Ejlc;) = 0 for
Vi | Eile;) Ealei) -+ Ekles) o0 4
(i B} Eyles) = 6; jony (1)
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‘General Decoding Algorithm I

EC EsC o - E.C
Vo | Eilco) Ealco) -+ Eglco)
Vi | Eiler) Esler) -+ Egler)
_ _ rows are orthogonal
as (c;|El Ejlc;) = 0 for
Vi | Eile;) Ealei) -+ Ekles) o0 4

Inner product between columns is constant as
(ci| E}Eyles) = oy

(ci| B} Eilcj) = & jou (1)
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‘General Decoding Algorithm I

EC EsC o - E.C
Vo | Eilco) Ealco) -+ Eglco)
Vi | Eiler) Esler) -+ Egler)
_ _ rows are orthogonal
as (c;|El Ejlc;) = 0 for
Vi | Eile;) Ealei) -+ Ekles) o0 4

Inner product between columns is constant as
(ci| E}Eyles) = oy

— simultaneous Gram-Schmidt orthogonalization within the spaces V;

M. Grassl July 12, 2005



Quantum Error Correction

‘Orthogonal Decomposition I

E'C EC - ELC
Vo | Efilco) Ejleo) - Ejlco)
Vi | Eiler) Ejler) -+ Ejfar)
rows are mutually
orthogonal
Vi | Eile;)  Eslei) -+ Ejles)

columns are mutually orthogonal

e New error operators E; are linear combinations of the E;
e projection onto £, C determines the error

e exponentially many orthogonal spaces E,.C
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‘Encoding Stabilizer Codes I

[Grassl, Rotteler, and Beth, IJFCS, 14 (2003), pp. 757-775]

Basic idea:
Use operations of the generalized Clifford group (or Jacobi group) to
transform the stabilizer S into a trivial stabilizer Sy := (Z(1), ... Z(n=F)),

e row/column operations on the binary matrix (X |Z) to obtain “normal
form” (0]10)

e Operations on (X |Z) correspond to
— “elementary” single-qubit gates
— CNOT-gate

. : 1 0 1 0
— single qudit gate P := | = c (2x2
O 67'("1,/2 O Z

M. Grassl July 12, 2005



Quantum Error Correction

Action on Pauli Matrices I

Hadamard matrix H | HXH = 7 HYH = -Y H/ZH =X
(1,0) — (0,1) | (1,1) — (1,1) | (0,1) — (1,0)

exchange X and 7

matrix P PIXP=-Y | PlYP=X | PlzP=2Z
(1,0) — (1,1) | (1,1) — (1,0) | (0,1) > (0,1)
multiply X by Z " @d2

—~—

operation on binary row vectors: (a,b)M = (da/, V) (arithmetic mod?2)

- 0 1 ~ 1 1
H = and P =
1 0 0 1

local operation on (X |2):
multiplying column ¢ in submatrix X and column ¢ in submatrix Z by M
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Action of CNOTI

Error propagation

oy

L

P
ik
.

|
N
O—
I
O—
N
|
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Modifying stabilizers

|

ik
-

o

L =4
L d

Action of CNOTI

ST

ST
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Modifying stabilizers

L =4
L d

add X from source to target

Action of CNOTI

N, A Y, Z

add Z from target to source
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Quantum Error Correction

Example: 5 Qubit Code [5,1, 3]

Generators of stabilizer

xxziz| (1 1000|0010 1)
ZxXxzI | o1 100|100 10
1zxxzZ | [oo0o110]01 0001
zizxx | \0 0011|1010 0)
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Step I: X-Only Generator I

Local operations = operations on corresponding X and Z columns

(1100 0[00 10 1)
01 10010010
001 10[01001

\0 0011|1010 0)

Th=1IIlxIlxI
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Step I: X-Only Generator I

Local operations = operations on corresponding X and Z columns

1
1
0
0

Th= T IQHI QI

1
0
0
1

0
0
1
1

0
0
0
1

0
1
0
1

0
0
1
0

O = = O

0
1
0
0
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Step I: X-Only Generator I

Local operations = operations on corresponding X and Z columns

1
1
0
0

1
0
0
1

0
0
1
1

1
0
1
0

0
1
0
1

0
0
1
0

O = = O

0
1
0
0

Th'=1TQQIQH® I H
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

1
1
0
0

1
0
0
1

0
0
1
1

1
0
1
0

0
1
0
1

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

15

=]
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(171 1010000 0)
0100010110
0001 1[0 1100

\0 01 10[10001)

TN =1TQIHI H

T2 =1
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

0
1
0
0

1
0
0
1

0
0
1
1

1
0
1
0

—_ = = O

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

T, := CNOT!?)
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

0
1
0
0

1
0
0
1

0
0
1
1

1
0
1
0

—_ = = O

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

T, := CNOT!?)
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Quantum Error Correction

Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

0
1
0
0

0
0
0
1

0
0
1
1

1
0
1
0

0
0
0
1

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

T, := CNOTH2D oNOT(3)
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

0
1
0
0

0
0
0
1

0
0
1
1

1
0
1
0

0
0
0
1

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

T, := CNOTH2D oNOT(3)
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Step Il : X-Generator of Weight One I

CNOT = operations on pairs of corresponding X and Z columns

(1
0
0

\ 0

0
1
0
0

0
0
0
1

0
0
1
1

0
0
1
0

0
0
0
0

0
0
1
0

0
1
1
0

0 0 )

1 0
0 O

0 1)

TN =1TQIHI H

T, := CNOT®DeNOoTH3 eNOT (D)
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Step Il : Row Operations I

multiplying generators = adding/permuting rows

(1
0
0

\ 0

0
1
0
0

0 0
0 O
0 1
I 1

0
0
1
0

0
0
0
0

0
0
1
0

O = = O

BN )

Th'=1TQQIQH® I H

T, := CNOT®DeNOoTE3 eNOT (D)
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Step Il : Row Operations I

multiplying generators = adding/permuting rows

(1
0
0

\ 0

0
1
0
0

0 0
0 O
I 1
0 1

0
0
0
1

0
0
0
0

0
0
0
1

0
1
0
1

BN )

Th'=1TQQIQH® I H

T, := CNOT®DeNOoTE3 eNOT (D)

M. Grassl

July 12, 2005



Quantum Error Correction

‘Step IV . Next Row/Generator I

(1000 0[00000)
01 000[001 10
001 10[000O01
\0 001 1[0 110 0)

T3 = I QRIQIQIQI
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‘Step IV . Next Row/Generator I

(1000 0[00000)
01 1 10[0000 0
0000O0[0O0T1 11
\0 0 1 01[01010)

T3:= QI QHQHQ I
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‘Step IV . Next Row/Generator I

(1000 0[00000)
01 000[00O0O0 0
0000O0[0O0T1 11
\0 0 101[00010)

T3 = IQIQHQHQ I

T, := CNOTZ3)CoNOT(ZY
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‘Step IV . Next Row/Generator I

(1000 0[00000)
01 000[00O0O0 0
0010 1[000 10
\0 0000|0011 1)

T3 = IQIQHQHQ I

T, := CNOTZ3)CoNOT(ZY
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‘Pre-FinaI Result: Only X-Generators I

(1000 0[00000)
01 000[00O0O0 0
001 00[00O0O0O0
\0 00 10[000O0O0)
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Final Result: Only Z-Generators I

(000001000 0)
00 00O0[0T100 0
0000O0[0O0T10 0

\0 0 0O00[00O0T10)

Thnal = HOHRHQH® I
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Final Result: Only Z-Generators I

(000001000 0)
00 00O0[0T100 0
0000O0[0O0T10 0

\0 0 0O00[00O0T10)

Thnal = HOHRHQH® I

combining all transformations: guantum circuit that maps encoded state
7)) to the un-encoded state |0) )
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Final Result: Only Z-Generators I

(000001000 0)
00 00O0[0T100 0
0000O0[0O0T10 0

\0 0 0O00[00O0T10)

Thnal = HOHRHQH® I

combining all transformations: guantum circuit that maps encoded state
7)) to the un-encoded state |0) )

“Homework™ derive the complete circuit
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[[97 57 3]]3

Decoding Circuit for Ternary QECC C
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